TOROIDAL AUTOMORPHIC FORMS, WALDSPURGER PERIODS 
AND DOUBLE DIRICHLET SERIES 

GUNTHER CORNELISSEN AND OLIVER LORSCHEID 

Abstract. The space of toroidal automorphic forms was introduced by Zagier in the 
1970s: a GL2-automorphic form is toroidal if it has vanishing constant Fourier coefficients 
along all embedded non-split tori. The interest in this space stems (amongst others) from 
the fact that an Eisenstein series of weight s is toroidal for a given torus precisely if s is a 
non-trivial zero of the zeta function of the quadratic field corresponding to the torus. 

In this paper, we study the structure of the space of toroidal automorphic forms for 
an arbitrary number field F. We prove that it decomposes into a space spanned by all 
derivatives up to order n — 1 of an Eisenstein series of weight s and class group character 
Lu precisely if s is a zero of order n of the i-series corresponding to u; at s, and a space 
consisting of exactly those cusp forms the central value of whose L-series is zero. 

The proofs are based on an identity of Hecke for toroidal integrals of Eisenstein series 
and a result of Waldspurger about toroidal integrals of cusp forms combined with non- 
vanishing results for twists of i-series proven by the method of double Dirichlet series. 



1. Introduction 

A classical theorem of Hecke (cf. Hecke [[TT| Werke p. 201) shows that on the modular 
curve ^(1), the integral of an Eisenstein series along a closed geodesic of discriminant 

> is essentially the zeta function of the number field Q(v^). As was observed by 
Don Zagier in [|20| . the formula fits into a more general framework, where integrals of 
automorphic forms for global fields over tori (of any discriminant) evaluate to L-series. 
The approach in [|20l| is to define a space of so-called toroidal automorphic forms by the 
vanishing of these integrals for varying tori, and the author calls for an (independent) 
understanding of the space of toroidal automorphic forms, after which one may hopefully 
apply the gained knowledge in combination with the generalization of Hecke's formula to 
deduce something about zeta functions. For example, if the irreducible subrepresentations 
of the space of toroidal automorphic forms are tempered, the Riemann hypothesis follows. 
This seems for now an elusive programme, but see |l6l for a case study for some function 
fields. 
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In this paper, we study the space of toroidal automorphic forms in its own right. We 
use our increased knowledge (compared to the 1970s, when |[20ll was written) about the 
decomposition of the space of automorphic forms for a general number field (by Franke), 
toroidal integrals of cusp forms (by Waldspurger in his study of the Shimura correspon- 
dence), and non-vanishing of quadratic twists (by the method of multiple Dirichlet series, 
essentially in the works of Friedberg, Hoffstein and Lieman) to prove the following theo- 
rem, which summarizes our main results. Note that in light of the previous paragraph, we 
avoid using any unproven hypothesis about the zeros of L-series. 

Theorem. The space of toroidal automorphic forms for an arbitrary number field decom- 
poses into an Eisenstein part and a cuspidal part. More precisely, 

(i) (cf. Theorem 14. II ) The Eisenstein part of the space of toroidal automorphic forms 
is spanned by all derivatives of Eisenstein series of weight sq G C and class group 
character uj, precisely up to the order of vanishing of the L-series corresponding 
to <jj at sq. 

(ii) (cf. Theorem 15. 21) No nontrivial residues of Eisenstein series are toroidal. 

(iii) (cf. Theorem 16. II) The cuspidal part of the space of toroidal automorphic forms is 
spanned by those cusp forms n for which the central value of its L-series vanish: 
L(7r,l/2) = 0. 

We will use the next section to set up notation and give precise definitions of the spaces 
involved. 

1.1. Remark. How many derivatives of Eisenstein series will be toroidal? It is reasonable 
to expect that the only multiplicities in the zeros of L-functions of a number field F arise 
from multiplicities in the decomposition of the regular representation of the Galois group 
of the normal closure of F/ Q (following the Artin formalism of factorisation of L-series). 
The Rudnick-Samak theory of statistical distribution of zeros of principal primitive L- 
series (cf. lfT6ll . ifTSl . §5) indicates that the zeros of different such principal primitive L- 
series should be uncorrelated. For example, for F = Q, all zeros of the Riemann zeta 
function are expected to be simple. 

But of course, as soon as F/ Q is non-abelian, there will be such multiplicities arising 
from irreducible representations of the Galois group of higher dimension. Cf. also the pos- 
sibility that a Galois extension N/ Q contains two distinct subfields that are arithmetically 
equivalent (corresponding to two subgroups of the Galois group G from which the trivial 
representation induces the same representation of G, cf. I,12J ). hence have the same zeta 
function, whose zeros will then occur with multiplicity in the zeta function of N. 

1.2. Remark. Our way of averaging toroidal integrals over tori is by relating them to 
twists of L-series, and then using standard techniques to average those. Is there a direct 
way to average toroidal integrals, e.g. by a Rankin-Selberg unfolding of an Eisenstein 
series twisted with toroidal integrals? Compare with |[51- 
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1.3. Remark. For global function fields, methods more akin to the geometric Langlands 
programme allow one to prove that the space of toroidal automorphic forms is finite di- 
mensional, and one can control the linear relations between Eisenstein series in a very 
precise way, leading to an actual dimension formula for the Eisenstein part of the space of 
toroidal automorphic forms, cf. [[T3l . 



2. Definition of toroidal automorphic forms 

2.1. Notation. Let F be a number field, be the completion at t;, A = A^r the adeles of 
F. Set G = GL(2) and let Z be its center. Let £/ be the space of automorphic forms for 
G over F with trivial central character. 

2.2. Notation. Let T C G be a maximal non-split torus defined over F, xt the corre- 
sponding character on the idele class group and E = Ft the corresponding quadratic field 
extension of F. This means that there is a non square d E F such that E/F is generated 
by a square-root of d and that T{F) is conjugated in G{F) to the standard torus 

If T = Td, then write Xd for Xt- 

2.3. Definition. The zeroth Fourier coefficient w.r.t. T (or T -toroidal integral) of an auto- 
morphic form f E is defined to be the function 




f{tg)dt 



rFZ(A)\r(A) 

for^ G G{A). 
2.4. Definition. 

(i) The space ofT- or E-toroidal automorphic forms for F is 

^tor(T) := £^UE) ■.= {fEs^: frig) =0,WgE G{A)}. 

(ii) The space of toroidal automorphic forms for F is 

E/F 

where the intersection is taken over all quadratic field extensions E/F. 



2.5. Remark. These definitions are independent of the choice of torus corresponding to 
E/F since they are conjugacy invariant. 
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2.6. Remark. There is also a definition of T-toroidal automorphic form for a split torus 
T, but one has to be careful, since the toroidal integral fx as defined above over a split 
torus T can diverge. This can be taken care of by subtracting suitable parabolic Fourier 
coefficients before integrating (cf. iflBl §1.5] for the definition in the function field case). 
One could thus consider the space of automorphic forms that are T-toroidal for all maximal 
tori T, split or not. Due to the results of the present text and [fT3l §6.2] (which transfer to 
the number field case), this space coincides with £/tor, and we forgo to describe the more 
involved theory for split tori. 

The space £/ is an automorphic representation of G{A) for right translation by G{A). 
By jSl applied to GL(2), the space £/ decomposes into a direct sum of automorphic rep- 
resentations as follows: 

where £/o is the space of cusp forms, S" is the space generated by the derivatives of Eisen- 
stein series and ^ is generated by the residues of these Eisenstein series and their "deriva- 
tives". We will give the precise definitions of and ^ in sections [3] and [51 respectively. 

Multiplicity one holds for GL{2), hence if re is any subrepresentation of s^, it inherits 
this decomposition, since it is determined by its isomorphism type. In order to investigate 
the space of toroidal automorphic forms Mor, which is an automorphic representation by 
its very definition, it thus suffices to investigate 

M),tor := Mor n =c/o, S^or ■= ^ H S^tor and ^tor := =^ H ^/tor 

separately, since j/tor = =5/o,tor © 4or © ^tor- 

3. Toroidal integrals of Eisenstein series: a formula of Hecke 

3.1. Notation. Let x denote a character of the idele class group / = F^\A^. We can 
write X = ^ ' I T""^ for some finite order character uj, and we will sometimes regard a 
function of x as a function of sq (assuming uj to be fixed). We set Re(x) = Re(so) — \- 
We also remark that the shift in sq by — | is in accordance with the usual convention in the 
adelic theory of Eisenstein series, putting the center of symmetry at 0. 
We define the principal series 

^(X) = { / : G(A) ^^^'^ C : ^{'^\),geG{A)J{{'^\)g) = x{a/d)\a/d\'/'f{g)], 

where a function / : G'(A) ^ C is smooth if it is smooth in the usual sense at archimedean 
places and locally constant at finite places. Let / G ^(x) be embedded in Siflat section 
of the principal series, i.e. there exists a function /^(s) of s G C such that fx{s) G 
^{X I T) with / = /^(O) and /x(s)(e) = /(e) for all s G C, where e = ( J ?) . Note that 
every / G ^(x) is embedded into a unique flat section. In the following, we will write 
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/ = /x(0) e ^(x) to refer to this situation. We define the (completed) Eisenstein series 
as 

E{gJ) = L{xM)- 

7eB(F)\G(F) 

in terms of meromorphic continuation. Here 1/2) denotes the completed L-series, 

i.e. including the factors at infinity. Note that E{g, f) is defined for all / = /;^(0) un- 
less = I I ^ when the Eisenstein series has a simple pole. At these values of x the 
residues of the Eisenstein series define automorphic forms, which will be investigated in 
section [5] — these values of x characterize the cases where the principal series 3^{x) is not 
irreducible as an automorphic representation of G'(A). 

Also note that the symbol is now in use for both a field and a function E{g, f), 
but this should cause no confusion. 

We now compute the toroidal integrals of Eisenstein series. Statement (0) in the theorem 
below is the adelic formulation of a theorem of Hecke dim ). In this formulation, it was 
first stated by Zagier [|20l . 

3.2. Theorem. Let T be a maximal torus in G corresponding to the quadratic field exten- 
sion E / F. Let xe ■ I be the quadratic character whose kernel equals the norms of 
Ae- For every f = /^^(O) G <^(x)> every g G Ga and every character x : J ^ C^, there 
exists a holomorphic function exig , fxi^)) of s G C with the following properties. 

(i) For all x such that x^ 7^ I 1^^- 

ErigJ) = eT{gJ)L{x,l)L{xXE,l)- 

(ii) For every g G Ga '^nd x '■ I C^, there is a f & ^{x) ^^^h that exig, f) 7^ 0. 

Proof. The strategy of the proof is as follows: we first prove (Q) for Re(x) sufficiently 
large, so we are in the region of absolute convergence. We rewrite the Eisenstein series 
conveniently as a certain adelic integral. Then a change of variables identifies its toroidal 
integral with a Tate integral for an L-series of E. 

Rewriting the Eisenstein series. First, we explain how to represent .^(^f, /) by a certain 
adelic integral, and then the statement in (Q) is a simple application of a change of variables. 
Let V9 be a Schwartz-Bruhat function on A^. Then 

(1) F(g,(p,x)= j V{{^.'^)zg)x{(^e^zg)\detzg\'''^ dz 

Z{K) 

is a Tate integral for 1), which converges if the real part of x is larger than 1/2 (the 
square of the character x occurs because in the above integrand x(det(2)) = xi^Y)- One 
verifies easily that y9, x) is an element of i^{x)- 
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In ^T9\ Ch. VII, §7], Weil defines a particular test function (po (the "standard function") 
with the property that for e = ( q 5 ),we have F(e, (fo, x) = Cp^L{x^, 1) for a nonzero 
constant cp that only depends on the field F. Thus 

Cf ■ F{g,ipo,x) = L{x^,l)-f{g) 
for an / G ^{x) with /(e) = 1; in particular, F(-,y9o,x) is a non-trivial element of 

We note that for every g E G{A), the function (po{ ■ g) is a Schwartz-Bruhat function, 
too. Since ^{x) is irreducible, the integrals F{g, (p, x) for varying (p exhaust all products 
of the form L{x^, l)f{g), where / G ^{x)- Thus there is a Schwartz-Bruhat function 
if = (p{f) for every / G ^{x) such that 

(2) E{gJ) = Yl Ei^9,^,x), 

■yeB{F)\G{F) 

where the equality has to be interpreted in terms of meromorphic continuation. Since for 
all Lf, the Tate integral ([T]) is a multiple of 1), there exists / G ^(x) for every 

Schwartz-Bruhat function ip such that equation Q holds true. 

Computing the toroidal integral. With this reformulation at hand, we can prove the 
theorem precisely as it has been done by Zagier in [|20l : by identifying T{F) with and 
T(Ai?) with and using Fubini's theorem, the toroidal integral of E{g, f) is changed 
into a Tate integral for an L-series of E. Explicitly, 

ET{gJ)= j S / Vii^^)^l'^9)x{deiz-itg)\detz^tg\^'^ dzdt 

T{F)Z{A)\T{A) 76S(^)\G'(F) ^^^^ 

Viar(F) = and 

B{F)\G{F) = - {(0,0)} = 

we identify the "domain of integration" with 

T(F)Z(A)\T(A) X B{F)\G{F) x Z{A) = A^, 
and note that this identification is compatible with measures. Hence 

ET{g,f) = x{detg)\det{g)\'/'- j m (x o iVE/i.)(t) \t\f dt 

for a certain Schwartz-Bruhat function $ on Ag. This is a Tate integral for Le{x ° 
Ne/f, 1/2) and factors in a product of two L-series as in (El), thus giving ^ for Re(x) 
sufficiently large. Statement (Q) now follows for all characters by meromorphic continua- 
tion in s since both sides are meromorphic functions of s G C. 
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Non-vanishing of the 'constant'. For note that for the non- vanishing of exig, f) 
follows from the fact that we can choose if such that the test function $ is again the 
standard function as described by [[T9l Ch. VII, §7], and then 

(3) erigj^is)) = c-\{det{g)) \det{g)\'+'/' 

is a nonvanishing holomorphic function of s. □ 

In order to accord for possible multiple zeros of L-series, we need to also take into 
account higher derivatives of Eisenstein series. 

3.3. Notation. 

(i) We denote by E'^'"-\g, f) the n-th derivative of E{g, /^(s)) w.r.t. s at s = 0. 

(ii) We denote by S the space of automorphic forms that is generated by all derivatives 
E^"'\-,f ) of Eisenstein series, where n ^ and / E ^{x) with x varying 
through all idele class group characters whose square is not trivial. 

(iii) Similarly we denote by L*^"^ (x, 1 /2) the n-th derivative of l/2 + s)ats = 
and by e^\g, /) the n-th derivative of the function erig, fxi^)) at s = 0. 

3.4. Definition. We say x is a zero of 1/2) of order n if L'^^^x, 1/2) = for alH < 
but 7^ for i = n, and then we write ord;^L(-, 1/2) = n. 

3.5. Proposition. Let T be a maximal non-split torus in G and n a non-negative integer. 

(i) For all g G Ga cind x such that x^ 7^ | l"*^^, we have 

EP{gJ)= -^_4\9J)L^'\X,1)L^'\XXT,1). 

i+j+k=n 

(ii) The n-th derivative E^'^\g, f) of an Eisenstein series is E -toroidal if and only if 
X is a zero of L{-, 1/2) ■ L{-xe, 1/2) of order at least n. 

Proof. The first part follows from the Leibniz rule. For dUl), use (0) and observe the follow- 
ing: 

• The derivatives e^\g, /) are non-zero as function of /, as is easily seen from (|3]). 

• If E^'^^g, f) is E-toroidal, then so is E'^'^\g, f) for all n < m since gener- 
ates an automorphic subrepresentation of the space of toroidal automorphic forms 
that contains all derivatives of lower order. 

This finishes the proof. □ 



4. An application of double Dirichlet series: toroidal Eisenstein series 
In this section we will prove the following: 
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4.1. Theorem. Let f G ■^{x}- The n-th derivative E^"'\g, f) of an Eisenstein series is 
toroidal if and only ifx is a zero ofL{-,^) of order at least n. Hence 

^tor = (i?^")(-,/) : 3x,/e^(x)anJn^ord^L(-,|)). 

Proof. Recall that we know from the computation of toroidal integrals in Proposition [33] 
when the n-th derivative E^'^\-, f) of an Eisenstein series is £'-toroidal. It suffices to prove 
that for all x there exists a quadratic E/F such that L{xXe, 1/2) 0- This follows from 
Theorem 14.21 below. □ 

As before, we now write x = u; ■ | for a finite character u, where we consider 
s = So G C as varying parameter. We use the notation L(u, s) for 1/2)- 

4.2. Theorem. Let F denote a number field, let uj denote a class group character on F. 
Then there exists a quadratic field extension E/F such that L{ujxei s) 7^ 0. 

4.3. Remark. Before we start with the proof, we make some incomplete historical re- 
marks. Non-vanishing of quadratic twists can be proven by sieve methods, but only for a 
restricted set of number fields. A method that works more uniformly is that of multiple 
Dirichlet series (so Fourier coefficients of metaplectic Eisenstein series); unfortunately, 
the result we need is not literally in the existing literature on multiple Dirichlet series, but 
rather arises from a combination of existing methods. We observe that for Re(s) 7^ i, the 
result can be proven using "unweighted" double Dirichlet series (see Chinta, Friedberg 
and Hoffstein [3] Thm. 1.1). To extend to the (for us interesting) range Re(s) = |, one 
needs to analytically continue the double Dirichlet series with weights; for higher order 
characters and a general number field, this is done by Friedberg, Hoffstein and Lieman 
in ifTOll ; and for quadratic twists of function fields by Fisher and Friedberg [7|. It is the 
methods of these latter two sources that we will combine. Since proofs of many facts are 
literally the same, we will not repeat them here, but we will set up all required notations. 
One can go a (small) step further and combine the method with Tauberian theorems to 
establish lower bounds on the number of non- vanishing twists of bounded conductor, but 
we will not need those. Also, we refrain from discussing averaging of toroidal integrals 
directly, without first relating them to L-series, cf. also Remark [L2| 

Proof of Theorem \4~2\ First note that the L-series we consider are 'completed' by the cor- 
rect archimedean factors, so they do not have trivial zeros outside the critical strip. 

Because of the functional equation, we can asume that | ^ Re(s) ^ 1. Since L{ujxe, s) 
does not vanish on Re(s) = 1 ( lfT4ll Ch. 1, §4), we can even assume | ^ Re(s) < 1. 

The strategy of the proof is now the following: we assume by contradiction that all 
non-trivial twists L{ujxe, s) vanish at s = sq. Then the (analytically continued) double 
Dirichlet series Z^{s, w) (to be defined below), with the trivial twist extracted, vanishes 
identically in w for s = sq. But it has residue atw = la non-zero constant times L(u, 2so). 
Hence we find L{uj, 2so) = 0, and this is impossible if | ^ Re(so) < 1- 
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To define the double Dirichlet series in a rigorous way, we follow lUOll . §1. Since the 
class number of F is not necessarily one, the most natural double Dirichlet series (and the 
one that has a natural analytic continuation and set of functional equations) doesn't only 
sum over quadratic twists xe, but rather over more general characters on a ray class group. 
We now introduce this series first. 

Let S = Sf U Soo denote a finite set of places of F that contains all infinite places 6*00 
of F and a set Sj of finite places such that the ring of Sj-integers has class number one. 
For V a finite place corresponding to an ideal p^, let g„ = |^/p„|. Set C = Yiv&Sf P""' 
where = 1 for v not above 2, and for v above 2, n„ is so large that any a E F^ with 
ord„(a — 1) ^ n^, is a square in F^. Let Hq denote the ray class group of modulus C, let 
he := l-f^cl and set 

Rc = He ® Z /2 = Z /ai X ■ ■ ■ X Z ja^. 

Choose generators hi for Z /a, , and choose a set (fo of ideals prime to S that represent the 
hi. For any £'0 G Si^, let vriEf^ denote an element of F* that generates the (principal) ideal 
EqGs- Let S denote a set of representatives of Rq that are of the form E = H-^o^"' 
where the Eq are elements of S'q and the ue^ are natural numbers, and set m^; = "^Eq" 
with the convention that iff e S" with = 1. Then Eiffs = (rriE)- Let I{S) denote the 
set of fractional ideals coprime to Sf. For rf, e G I{S) coprime, write d = {a)EG'^ with 
E E <g,a e F\a = l mod C, G g I{S)\ and define 



Xd(e) 



This is well-defined (cf. [fTOll , Prop. 1.1), it does not depend on the decomposition of d (but 
it does depend on the choice of m^). For d principal, Xd is the usual quadratic character 
for F{V(()/F (cf. NotationllJ). 

Let Ls{u}, s) denote the L-series of F for the class group character u, but with the Euler 
factors corresponding to the places in S removed. For d G I{S), let Sd denote the set of 
primes above d. Let J{S) denote the set of integral ideals in I{S). For d G J{S), let \d\ 
denote its norm. Write d = dodf with do squarefree. 

We define the weight factor to be 

/ n Kei)Xd{ei)uj{eiel) 
a{uj,s,d):= > , i,, 12,-1 . 

— Fi 62 

ei&J{S),eie2\di 

where /i is the Mobius function. Let p denote a character on the idele class group unram- 
ified outside S; this will be used later on to filter out principal ideals, which are the ones 
we are interested in. We define the double Dirichlet series as 

7 / N LsuSa{^Xd,s)p{d) 

Z^,p{s,w) := 2^ -— a{u,s,d). 

dGJ(5) 
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This is convergent for Re(s) and Re(w) sufficiently large (say, ^ 1). The following prop- 
erties are proven in exactly the same way as in ifTOll (The only difference to [[TOl . which 
treats the case of twists by characters of higher order, is the set of functional equations, 
which here is of order 12 instead of 32, cf. [ITOl . Remark 2.6.): 

(i) The function ^tj,p(s, w) admits a meromorphic continuation to C^; 

(ii) The poles of Zu^p{s, w) are located on the union of the lines 

1 3 

w = 0,w = l,s = 0,s = l,w + s = - and w + s = 

(iii) The residue \im{w — 1)Z^ p{s, w) is computed as follows: 

_ J ifPT^ 1; 

hm{w-l)Z^,p{s,w) - ^ (Res.=iCF(i^))- ■L5(a.^2.) ifp = l, 

Notice that the computation of this residue (as the limit atw = 1) even makes sense when 
s = 1/2 and p = lu"^ = 1, so L^u"^, 2s) itself has a simple pole. It indicates that Z^^^p^s, w) 
acquires a higher order pole at w = 1. (As in ||4l, 5.3.3, one may compute the principal 
part of Z^^p{^, w) around w = 1 — there is a double pole — but we will not need it here.) 
Let 

(4) Z^{s,w):= 2^ a{u;,s,d), 

deJ{S),[d]=0 ' ' 

denote the modified double Dirichlet series, where we only sum over principal ideals d 
(indicated by the fact that their class [d] is trivial in Rc). Note that by plugging in the 
decomposition of the characteristic function of the class [0] as h^^ Yl P' we find 



he , ^ 

PG/?c 

Hence Z^{s, w) inherits an analytic continuation from w). Using the above com- 

putation of residues, we find that 

(5) lim {w - l)Z°(so, w) = c- L{uj\ 2so), 

where c is some non-zero constant. 

We can now finish the proof of the theorem. We are assuming that all 'principal' twists 
L{u!Xd,so) ([d] = 0, d non-trivial) vanish at some sq with | ^ Re(so) < 1- Note first 
that this obviously implies the vanishing of all twists for the modified L-series with the 
S U Sd-Euler factors removed. 

A slight complication arises since the sq we consider are outside of the region of abso- 
lute convergence of the series Z^(s, w), but we can use a convexity estimate to get that for 
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such So and Re{w) large enough, the double Dirichlet series Z^{so, w) as defined in (H]) 
will also converge. This is because of Phragmen-Lindelof estimates in the (i-aspect of the 
form 

iLsuSdi^Xd, so)a{uj, So, d) \ < \d\ 
(cf. 141, 3.3), so Re(tf;) > 2 will do. Hence our hypothesis that L{u;xd, sq) = for all 
principal d ^ implies that 

^"(■50, w) - Ls{uj, Sq) ■ a{uj. So, 0) 

is identically zero for Re(u;) sufficiently large, hence after analytic continuation, it is iden- 
tically zero in w. (Note that we subtract the coefficient for the trivial twist, of which we 
do not know it vanishes.) 

We find in particular that lim(w—l) So, w) = 0, andby ([5]), we find that 2so) = 

with 1 ^ Re(2so) < 2, which is impossible. This finishes the proof. □ 
5. Toroidal residues of Eisenstein series 

Let X be a character of the idele class group such that = 11^^ ^nd / = /^(O) G 
^{x)- Then the Eisenstein series E{g, fxi^)) has a simple pole at s = 0, but the residue 

R{g,f) ■.= ReSs=o E{g,f^{s)) 

is an automorphic form. More generally, we consider the "derivatives" 

R^-\g,f):=hm — {s-E{g,f^{s))) 

for n ^ 0. 

5.1. Definition. Define M as the space of automorphic forms that is generated by the 
functions R^^'^g,/), where n ^ 0, f ranges through ^(x) and x ranges through all 
characters on the idele group such that = | l'''^ 

5.2. Theorem, ^tor = {0}. 

Proof. We compute the toroidal integral of R{g, /) for a torus T corresponding to a qua- 
dratic field E: 

RT{g,f) = \im sET{g,f^{s)) 

= liin s erig, /x(s)) Hx, -s + \)L{xXe, s + \) 

= erlfi-, /) Res^=o L(x, s + \)L{xxe, s + i). 

Recall that = I hence x I 1^^^^ is quadratic, so either trivial or by class field 
theory equal to xs for some quadratic field extension E/F. In the case that E is non- 
trivial, we have that 

LixXE, s + i) = Cf(s + I ± i), 
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where (p is as usual the completed zeta function of F with poles at and 1, so 

Cf{s + 1/2 ± 1/2) 

has a pole at s = (for both choices of sign). Hence, by the above formula for Rrid, f), 
the toroidal integral of Rxig, f) for this E cannot vanish, since the other factor L(x, 1/2) 
does not vanish. 

If X I 1^^^^ is trivial, then we choose an arbitrary non-split torus T. We find that 

L(x,s + 1/2) = Cf(s + 1/2±1/2) 
has a pole at s = 0, but the other factor in the above computation of the toroidal integral, 

L{XXE. s + 1/2) = L{xE, s + 1/2 ± 1/2) 

doesn't vanish at s = 0. 

This also implies that R^'^\g, f) cannot be toroidal, since R{g, f) is contained in the 
automorphic representation generated by this automorphic form. □ 

6. An application of Waldspurger periods: toroidal cusp forms 
In this section, we prove the following: 
6.1. Theorem. A cuspidal representation n d s^ois toroidal if and only if L{n, 1/2) = 0.' 

^o,tor = (tt e =c/o : L{'K,\) =0). 
Proof We claim that if T C G is a maximal torus defined over F, then 
(6) TT is T-toroidal if and only if L(7r, |) ■ L{ti ® xt, \) = 0. 

For notation, let be representations of G{F^) such that vr ~ ^'n^, where v ranges over 
all places. The claim is the statement of fTTi Thm. 2, p. 221] (in the "situation globale", 
where the quaternion algebra is chosen to split), but we have to verify that condition (i) in 
loc. cit. is satisfied. In our situation, that follows from [17, Lemme 8(iii), p. 219], since the 
Tiv are irreducible principal series representations, and none of those are square integrable 

m §10.6]). 

From Q it follows that if L(7r, 1/2) = 0, then vr is toroidal. 
We are left to prove the reverse implication. 

(i) First consider the case where n is not self-contragredient. By Thm. A in Friedberg- 
Hoffstein ([0), we find that there are infinitely many different non-conjugate tori 
T such that 

L{n,xXT,l)^0. 
In particular, there is such a non-split torus, and we are done using Q. 

(ii) Now suppose vr is self-contragredient, and let e(7r, s) be the epsilon factor of 
L(7r, s). The functional equation for L(7r, s) is then 

L{7i, s) = e(7r, s)L{7i, 1 — s). 
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(a) If e(7r, 1/2) = -1, then L{tt, 1/2) = 0. 

(b) If e(7r, 1/2) = 1, then Thm. B in in Friedberg-Hoffstein (JUl) implies that 
there are infinitely many different nonconjugate tori T such that 

Li'^,XXT, I) 7^ 0. 

In particular, there is such a non-split torus, and we are again done using 
This deals with all possible cases. □ 

6.2. Remark. Theorem [[T8l Thm. 4, p. 288] of Waldspurger says that there exists a Xd 
for d E such that L(7i Xd, 1/2) 7^ 0, but without the claim that Xd is nontrivial. 
However, if there exists one such d (square or not), there exist infinitely many, as may 
be seen from Lemma 7.1 in [Ij, which shows that the Dirichlet series occuring as Mellin 
transform of the series t{a) on p. 289 of the proof in [[T8l cannot have only finitely many 
non-zero coefficients. 

6.3. Remark. There do exist number fields F over which there is a cusp form tt with 
L(7r, 1/2) = 0, cf. Waldspurger [18|, Remark on p. 282 (a cuspidal lift to an imaginary 
quadratic field of a classical holomorphic cusp form). 
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